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If it happens that the ratios of the crystal gram mole- 
cular refractivities are nearly equal to the corresponding 
ratios of the mean squares of the direction cosines of one of 
the molecular principal axes, two of the relative molecular 
refractivity uncertainties, those along the two other mole- 
cular principal axes, will be relatively large, e.g. if 

ctl.fit ~'~, then, as seen from equation (5), the Ra:R~:Rc 2. 2. 
determinants D2 and D3 will be very small, and conse- 

quently, from equation (8), O(rM)/rM and 6(rN)/ru will have 
rather high values. 
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A new analytic approximation to atomic incoherent X-ray scattering intensities is proposed. Unlike other 
approximations in the literature, the present function has the correct asymptotic behaviour at both large 
and small values of s. Fits to the incoherent intensities calculated by Cromer are presented for all atoms 
from He through Am. 

Several analytic approximations to the intensity of the 
incoherent scattering of X-rays by N-electron atoms are 
available in the literature (Furukawa, Orton, Hamor & 
Williams, 1963; Rodriguez & Pings, 1965; Hajdu, 1971, 
1972; Palinkas, 1972). 

The more accurate approximations are those of Hajdu 
(1971, 1972) and of Palinkas (1972). Hajdu's function is 
given by 

I~n¢(S) = [ Z -  leoh(S)Z - 1] [1 -- m exp ( -- Ks) 
+ M exp ( -  Ls)] (1) 

where Z is the atomic number, s = 2 - t  sin 0, 0 is twice the 
scattering angle, 2rr/2 is the propagation constant of the 
X-ray, and 

I~oh(S) = IF(s)] 2 (2) 

is the intensity of the coherent scattering where the form 
factor, F(s), is approximated by 

4 
F(s)= ~ Al exp ( -Bls2)+  C.  (3) 

l=1 

Palinkas (1972) uses the following approximation 

l,n¢(S) = Z[1 - a(1 + bs)- c]. (4) 

Neither of the above functions has the correct asympto- 
tic behavior either for large or for small values of s. The 
small-s behaviour of the total scattered intensity is known to 
be (Benesch & Smith, 1973) 

/tot(//) ----- N 2 -/ /2 (r xez )/3 + O(//4) (5) 

where/ /= 4zrs, and the small-s behaviour of the form factor 
is known to be (Benesch & Smith, 1973) 

F(//) = N-/ /2(r2) /6  + 0(//4). (6) 

Hence the small-s behaviour of the incoherent scattering 
function is 

Ilne(S) = a2s z + a4 s4 + . . .  (7) 

where a2= 161r2(N(r2) - (r~2))/3. The large-s behaviour of 
the incoherent scattering function has been shown (Smith, 
1970) to be 

Itn¢(S) = N+ b4s - 4  q- b6 s - 6  q- . . . .  (8) 

In this work we propose a new analytic approximation 
to the incoherent scattering function: 

Ilnc(s)=N[1 - ( 1  +as2+bs 4) (1 +cs2+ds4)-2]. (9) 

Of course, for neutral atoms N =  Z. As can be easily verified, 
equation (9) has the correct asymptotic behaviour for both 
large and small values of s. 

Non-linear least-squares fits, over the range 0_<s_< 8.0, 
of equation (9) to the line(s) values calculated by Cromer 
& Mann (1967) and Cromer (1969) have been carried out 
with the algorithm of Fletcher (1971). Table 1 lists values of 
the parameters a,b,c, and d for all the atoms from He 
through Am. A measure of the 'goodness-of-fit', e, is also 
listed in Table 1 for each atom. It is defined by 

k 
e= 100[ ~ JZ/fk- 1)]'n/N (10) 

1=1 

where 6t are the deviations, e can be considered to be a 
standard percent deviation because N =  lim linc(s). Table 1 

$---~-oO 
shows that e does not exceed ,,, 2 % for any of the atoms 
except Li. It should be noted that global optimization is 
currently impossible (Powell, 1970) and hence the param- 
eters listed in Table 1 cannot be considered as defining 
anything better than a local minimum. Table 2 shows the 
typical quality of the fits for atoms of low (Z=  7), medium 
(Z=  46), and high (Z=  88) atomic numbers. 

A perusal of Table 1 shows that the fits worsen with 
increasing atomic number. For atoms of low and medium 
atomic number the overall quality of the fits obtained is 
comparable to the fits of Hajdu (1972) and Palinkas (1972). 
For atoms of high atomic number the fits are somewhat 
inferior to those of Palinkas (1972). However equation (9) 
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Table 1. Parameters for the analytic approximation, equation 
(9), to incoherent scattered X-ray intensities; the notation 

used is: 1.5566D 01 = 1.5566 x 10k 

Atom Z a b c d 
HE ~ 7.2391D-Ol -~.14640-01 g.10190 O0 1.55e60 C~ 0.01 
L I  2 . 6 0 7 6 0  O1 6 . 8 6 1 7 0  O0 2 , 6 2 9 9 0  Ol E . f l 0 6 2 0 - C  5 . 1 ~  
eE 4 1 . 6 ~ ( E 0  Ol  1 . 1 1 7 7 0  03  4 . 0 9 4 8 0  O l  1 . 0 3 9 9 0  02  0 . 2 (  B C ~ 7 . Z 9 5 7 C  O0 . 7 2 8 1 o  - g . 2 ~  ,.33sae cc ~ ~ 2 . 2 6 , 3 0  c1 3 . , , o 3 0  

• 3125C 1 . 4 6 5 6 D  Ol  1 . 4 6 2 8 0  ~ . 2 ~  
N 7 4 . 5 0 5 1 D  OC 4 . 0 9 6 5 D  Ol 1 . 1 0 6 1 0  Ol 7 . 3 2 2 5 0  O0 0 . 2 5  

8 3 . 2 4 3 4 0  O0 l . g 3 ? ? C  01 e . 2 7 3 5 0  CC 4 . 0 0 8 7 0  ¢C 0 . 2 ~  
2 . 7 7 7 1 0  00 1 . 0 0 3 1 D  Ol 6 . 5 9 5 2 0  O0 2 . 3 1 4 2 0  CO G.28  

NE 1 3 . 1 6 ~ C 0  CO 5 . 6 ~ 2 1 0  O0 5 . 7 7 4 8 0  OC 1 . 3 7 5 0 0  ¢C 0 . 3 2  
NA 11 1 . 6 2 6 5 0  O1 4 . 5 1 6 9 C  Ol  1 . 3 1 6 7 0  Ol  5 . 4 5 6 9 0  CC 1 . 7 ;  
MG 12 1 ,15SED 02 3 . 2 2 7 0 D  03 7 . 0 7 6 2 D  Oi 7 . 7 1 6 1 0  O1 l . e E  
AL 13 1 . 0 7 ( 2 0  02 2 . 7 4 0 g D  O~ ~ . 7 1 5 1 0  C1 5 . s 0 7 2 o  ¢1 1 . 5 7  ~ 1 14 8 . o 7 1 9 c  Ol 1 . 5 c 0 4 c  03 . 2 0 5 4 0  Ol 3 . 6 8 ~ 8 C  C l  1 . 3 5  

15 5 . 5 ~ 2 2 0  Ol 7 . 0 3 4 0 0  02 ~ . 7 4 0 2 D  01 2 . 0 8 7 2 0  Ol 1 . 1 5  
I~  4 . 3 ~ 5 0  O l  4 . 1 6 4 7 0  02 . 0 1 0 0 0  Ol  1 . 3 4 3 0 0  ¢1 C . ~ ?  

L 17 3 . 4 5 ~ 2 C  Ol 2 . 5 2 6 6 C  02 2 . 4 4 8 1 D  Ol e . 8 4 8 0 0  co 0 . ~ 1  ~ n 10 z . 7 1 ~ 0  Cl 1 . 5 ¢ ~ a D  o~ 1 . 9 6 9 7 0  Ol 5 . 6 7 7 4 0  CO 0 . 6 g  
l g  3 . 0 5 4 5 C  01 1 . 9 2 7 1 0  02 2 . 1 8 6 5 0  Ol  6 . 5 6 1 5 0  CC 1 . 1 4  

CA 20 3 . 6 ~ 4 5 0  Ol 2 . e ~ g 8 0  02 2 . 5 g 5 0 D  Cl 8 . 1 5 7 8 U  OC 1 . 5 e  
$C 21 3 . 3 2 1 2 D  Ol  2 . 3 ~ 5 9 0  02 2 . 3 4 7 2 0  ¢1 ~e06040  00 1 . 6 1  
~I 22 2 . ; 4 0 ~ o  81 1 . , 2 o s c  02 2 .o962o  Ol 5.71170 00 1 . ~ ,  

23 2 . 6 1 ~ 3 D  1 . 4 3 1 7 0  02 1 . 0 6 8 3 0  Ol  4 . 8 1 6 4 0  O0 1 . 6 E  
CR 24 1 . 8 9 2 9 0  Ol  7 . 2 ~ o e c  Ol 1 . 3 0 1 9 D  01 3.04150 C¢ 1 . 4 0  
NN 25 2 , 1 2 ~ 2 0  Ol S . 4 0 4 8 0  O1 1 . 5 1 8 8 0  Ol  3 . 6 2 0 4 0  O0 I . T E  
FE 26 1e92~60 Ol 7 . 7 5 1 1 D  Ol 1.37880 01 3 . 1 0 7 6 0  CO 1 . 7 5  
C0 27 ~ . 7 6 1 6 0  Ol 6 . 4 6 5 7 D  01 1 . 2 6 2 1 0  Ol 2 . 7 0 5 6 0  CC ~ . 7 4  
HI 2~ . 6 3 4 6 D  Cl 5 , 5 0 9 6 D  Ol 1 . 1 6 8 7 0  Ol  2 . 4 2 7 2 0  C0 . 7 4  
CU ~ ~ . 2 ~ 5 1 0  01 3 . 3 6 3 4 0  01 9 . 3 4 3 6 0  CO 1 . 7 1 9 " C  C0 1 . 5 3  
ZN . 4 6 1 9 C  Ol 4 . 5 4 6 2 0  01 1.0338D Ol ~.Ofl2CD ¢C 1 . 7 4  
GA ~*7170D QI 6 . 4 ~ $ 2 0  CI  1 . 1 8 2 0 D  01 2 . 5 7 0 7 C  O0 1 . 8 ~  
CE 32 . 9 3 4 3 0  Ol  8 . 3 4 2 1 C  01 1 , 3 0 8 0 0  01 2 . 9 2 1 1 0  O0 l . e O  
AS 3 3  I . $ 4 7 1 D  Ol  8 . 4 7 2 0 0  Ol  1 . 3 1 2 6 D  Ol  2 . 8 1 6 5 C  0 0  l .  Ee 
56 34 2 . 0 3 ~ 9 0  01 g . 2 9 9 7 0  Ol 1 . 3 6 5 0 D  Ol  2 . 5 4 8 8 0  00 1 . 6 0  
ER 35 2 . 0 3 1 6 0  Ol  9 . 2 ~ 3 4 C  Cl 1 , 3 6 2 3 0  ~ ~ . 7 0 2 8 0  CC 1 . 5 c  
KR 36 I.BSE6C Ol 8.03120 Ol 1.2812C 2.35~4C 00 I . ] E  
RB 37 2 . 1 2 ( 9 0  01 1 . 0 1 E 1 0  02 1 . ' 2 0 g D  81 2 . 6 2 2 6 0  O0 1 . 5 4  
SR 38 2 . 4 4 ~ 7 D  01 1 . 3 5 9 3 C  02 1 . 6 1 9 2 0  3 . 0 1 7 4 0  CC . 7 3  
; ~9 2 .4~39o o1 1.3~2oo 02 1 . 6 ~ 3 7 o  ~: ~.oo14~ ~c ~.7~ 

R 40 2 . 3 6 ~ 2 D  CI . 2 6 5 3 0  02 1 . 5 7 3 2 D  2 . 8 7 1 0 0  0 0  . 7 2  
~e 41 1 . 9 1 7 a c  Ol 8 . 1 6 s 4 o  01 ~ . 2 9 5 2 0  ~ :  t . 9 6 7 e 0  co 1 . 5 e  
NO 42 1 . 7 4 4 3 0  01 E . 7 ¢ 5 5 0  01 . 1 8 6 7 0  1 . 6 9 0 7 0  00 1 . 5 5  
TC 43 1 . 8 2 6 0 0  01 7 . 3 7 6 6 0  Ol  1 . 2 3 6 3 0  C! 1 . 7 5 0 0 0  ¢¢ 1 . 7 2  
RU 44 1.54310 01 5.19340 Ol 1.0601D 01 1.36100 CO 1.55 
. .  45  . . . . .  ~o O l  4 . 3 , , o  o, ~ . ~ 3 ~ o  oo 1 . 1 ~ 5 4 o  00 ~:~ 
PC 46 1 . 2 1 2 ~ 0  01 3 . 1 3 7 7 0  Ol e . 4 9 ~ 6 0  00 ~ . 4 3 4 1 0 - C 1  
AG 47 1 . 1 9 1 0 D  Ol 3 . 0 2 9 5 0  O1 5 . 3 3 8 8 0  O0 g . 0 6 1 2 0 - C 1  ~ : 5 (  
C0 48 1 . 2 2 6 3 0  Ol 3 . 2 4 ~ 8 0  Ol 8.5514D O0 ; , 3 2 1 2 0 - C 1  72 
IN 4~ 1.28930 Ol 3.60090 Ol 8.91300 O0 9 . ~ 1 5 8 0 - ¢ I  I . ~ 3  
,N 50 1.35470 Ol 4.00310 Ol 9.30370 00 ~.03260 O0 l . e E  
5 e  51 1 . 3 4 0 6 0  Ol 3 . S ( 5 7 0  01 9 . 2 6 3 1 0  00 . 0 0 5 7 0  C0 1 . g 0  
TE 52 1 . 4 4 5 0 0  01 4 . 6 1 9 0 C  01 9 , 0 6 7 1 0  O0 l e 0 8 6 9 0  00 I . ~ 7  

53 1 . 4 ~ 5 0  Ol  4 . 9 4 9 0 c  Ol 1 e 0 1 6 1 0  O1 1 . 1 1 1 8 0  O0 1 . 8 5  
E 54 1 . 4 8 6 5 D  Ol  4oeEe3D 01 1.OLO2O Ol 1 . o 7 7 5 o  CC 1 . 7 ~  

CS 55 1.61~90 01 5.79960 01 1.08860 Ol 1.17730 CO 1 . 9 0  
8A 56 1 . 7 6 3 5 D  O1 7 . 1 1 6 8 D  Ol 1 . 1 9 2 1 0  Ol 1 . 3 1 2 8 0  OC 2 . 0 4  
LA 57 1 . 8 2 2 5 U  Ol 7 . 4 3 6 3 C  01 1 . 2 1 6 7 0  01 ~ . 3 1 9 1 0  ¢¢ 2 . 0 4  
CE 5~ 1 . 7 5 ~ 0 0  01 ~ . 9 2 9 5 0  01 1 . 1 7 4 1 0  01 . 2501C  O0 2 . 0 3  
PR 59 1 . 6 ( 1 3 0  01 6 . 1 9 3 4 D  Ol 1.10710 ¢1 ~ . 1 6 7 8 0  CO 2 . 0 4  
ND 60 1.61480 Ol 5.8598u Ol 1.0747c Ol .1195D O0 2.04 
PM 61 1.57~ID Ol 5.57770 Cl 1.04580 Ol 1.07740 O0 2.04 
SM 62 1 . 5 3 5 9 0  Ol  5 . 3 2 1 2 £  O1 1 . 0 1 8 2 D  Ol 1 , 0 3 ~ 6 D  CO 2 . 0 5  
EU 63 1.5C27C Ol 5.1053C Ol 9.g393D 00 1.00590 00 ~.05 
GO 64 1 .4EEeO Ol 5 . 0 1 3 3 0  Ol 9 , 5 4 2 6 0  O0 9 . 7 7 2 8 0 - 0 1  2 . 0 3  
T8 65 1 . 4 4 4 9 0  8~ 4 . 7 2 4 8 0  Ol g . 5 4 6 4 0  00 q . 3 2 ~ 3 0 - ¢ 1  2 , ~ 2  
OY EE 1 . 3 7 ~ 5 0  4 . 3 1 3 7 0  Ol g . 1 0 2 7 D  O0 8 . 7 9 0 6 0 - 0 1  2 . 0 2  
HO 67 1 . 3 4 4 7 0  Ol  4 . 1 ¢ 4 5 0  Ol 8 . 8 6 0 4 0  oo E e 4 ~ 0 6 0 - 0 1  2 . 0 1  
ER 68 1 . 3 1 4 6 0  01 3 . q 2 8 7 0  Ol 8 , 6 4 6 7 0  OC E . 1 4 6 4 0 - C 1  2 . 0 C  
TM 69 1 . 2 0 6 2 0  Ol 3 . 7 ~ 0 3 D  Ol 8 . 4 5 5 2 0  O0 7 . 8 8 6 9 0 - 0 1  1 . 9 9  
VB 70 ~ . 2 6 7 C 0  01 3 . 6 ( 4 3 0  Ol 8 . 2 ~ 6 8 0  OC 7 . 6 6 2 7 D - 0 1  l . g e  
LU 71 , 2~76D  Ol 3 . 6 1 2 9 0  Ol 8 . 2 2 6 4 D  O0 7 . 4 7 2 0 0 - 0 1  1 . 9 7  
HF 72 1 . 2 2 ~ 2 0  Ol  3 .5C~7D Cl 8 . 1 0 6 2 0  oo 7 . 2 0 9 2 0 - ¢ 1  1 . ~ 5  ~ A 73 ~ . 1 9 ( 6 0  Ol  3 . 2 6 5 7 C  Ol  7 . 6 4 2 0 0  O0 6 . 7 7 5 2 0 - C I  1 . 9 2  

74 . 1 4 2 9 0  Ol  2 . g 7 2 0 0  01 7 , 5 1 2 3 0  O0 E . 2 7 7 3 0 - ¢ 1  l . E ~  
RE 75 ~ * 0 6 4 1 0  01 2 . 6 6 6 0 D  Ol 7 . 1 5 1 5 0  O0 5 . 7 6 8 2 0 - 0 1  1 . 8 4  
OS 76 .0553D 01 2*52290 Ol 6.97340 O0 5e4707D--CI l . e l  
IR 77  1 . 0 2 5 5 0  Ol 2 . 3 7 8 1 D  Ol 6 . 7 8 0 9 D  O0 5.18910-01 ~ . 7 2  
PT 78  g . 1 4 4 4 D  O0 1 . 0 7 5 4 0  Ol 6 . 1 1 1 6 D  O0 4 . 3 9 8 0 0 - ¢ 1  . 6 6  
~U 7 ;  8 . 6 6 ~ 2 0  O0 1 . 6 7 9 3 C  Ol 5 . 8 1 7 6 U  O0 4 . 0 4 1 7 0 - - C l  ~ . 6 2  
HG eo e . ~ I E T D  O0 1 . 7 4 1 4 D  Cl 5.g035D C0 4.0768C-01 . 7 0  
T L  81 g . 0 7 ¢ 7 0  O0 1 . 8 4 7 6 0  Ol 6 . ¢ 5 1 9 0  00 4 . 1 7 2 1 0 - C 1  ~ . 7 (  
P8 82 g . 3 6 2 2 0  O0 1 . 9 7 3 9 0  Ol 6 . 2 2 5 2 0  CG 4 . 2 8 6 3 0 - 0 1  . e ¢  
8 I  83 g . 5 ~ 7 4 0  00 2 . 0 ( 0 5 0  O1 6 * 3 4 1 4 D  00 4 .3371D- -01  l e e O  
PO R4 9 . 9 2 ~ 6 0  O0 2 . 2 2 0 7 c  01 6 . 5 6 2 4 0  oo 4 . 4 8 7 8 0 - c 1  1e~3 
AT 85 1 , 0 2 ( 7 0  O1 2 . 3 9 0 2 0  Ol 6 . 7 6 8 1 D  00 4 . 6 1 6 7 0 - C 1  1 . 6 4  
RN e~ I * 0 4 ~ D  Ol 2 . 4 6 6 3 D  Ol E . ~ 6 4 3 0  00 4 . 6 3 4 2 0 - ¢ ~  1 . 8 1  
FR 87 1 . 1 0 7 7 0  01 2 . 7 9 4 7 ~  O1 7 . 2 5 8 3 0  O0 ~ . g 3 4 1 0 - C  l e g ¢  
RA 68 1 . 1 9 ¢ 6 0  Ol ~ ; 2 4 2 0 0  Ol 7 . 7 6 0 0 0  CO 5 . 3 2 7 5 0 - 0 1  2 . 0 0  
AC 89 1 . 2 3 7 2 0  Ol 50700  01 5.04400 CC 5 .503gD-¢ I  2 . 0 1  
1H gO 1 . 2 7 0 8 0  01 3 , 7 0 2 g D  01 8 . 2 5 0 1 0  O0 5 .60150-01 2.01 
PA g l  1 . 1 9 3 1 D  01 3 . 2 6 7 3 0  CI 7 , 7 6 8 ~ D  O0 5 . 1 4 3 6 D - 0 1  2 . 0 0  

92 1.159~0 01 3 . 0 7 4 6 0  01 7.55900 OC 4 . ~ I 0 5 0 - ¢ I  2.0¢ 
P 93 1 . 1 2 7 7 D  Ol 2 . g 0 5 5 0  Ol 7 . 3 5 7 9 0  O0 4 . 7 0 ~ 7 D - 0 1  2 . 0 1  

PU g4 1.05690 01 2.547gD 01 6.~123D O0 4.33250-01 2.04 
AM 95 1 . 0 2 4 3 0  Ol 2 . 3 9 1 8 0  01 6 . 7 0 4 4 0  OC 4 . 1 4 ¢ 2 D - ¢ 1  2 , 0 5  

is the only one that has the correct asymptotic behaviour 
at large and small values of s. Hence the present fits should 
be especially useful in studies of electron scattering where 
accuracy of the fits for s_< 0.1 is rather important. 

Table 2. Comparison of incoherent scattered X-ray intensities 
computed by Cromer, Ie, with those predicted by equation 

(9), If 

Z = 7  Z = 4 6  Z = 8 8  
s Ie Is I, Ij- Ie Ij- 

0"000 0"000  0.000 0.000 0.000 0.000 0.000 
0.005 0"003  0"003 0.010 0"006 0.036 0.008 
0"010 0"013 0"012 0"039 0"022 0"144 0"032 
0"050 0"310 0-296 0-923 0-548 2"520 0"780 
0"100 1"080 1"054 3"103 2"068 5"696 2-958 
0"150 2"003 1"994 5"536 4"251 8-858 6"122 
0"200 2"858 2-876 7-725 6"747 11"964 9-789 
0"300 4"097 4"120 11"441 11"646 17-672 17"152 
0"400 4"792 4"783 14"824 15"685 22"270 23"378 
0"500 5"182 5"160 17-943 18-786 26"283 28"247 
0"600 5"437 5"422 20"653 21"173 30-139 32"040 
0"700 5"635 5"635 22"904 23"071 33"790 35"080 
0.800 5"809 5 .821  24.756 24.645 37.136 37.617 
0"900 5.968 5.988 26.316 26.002 40.121 39-823 
1"000 6"113 6"134 27"677 27"211 42-744 41-811 
1"500 6-630 6"614 32"888 32-104 52"502 50-271 
2"000 6"860 6 " 8 2 1  36"349 35"881 59"860 57-658 
3"000 6"979 6"951  40"389 40"848 69-885 69"484 
4"000 6"996 6"982 42-529 43"357 75-363 77"077 
5"000 6"999 6"992 43"658 44"579 78"664 81 "509 
8"000 7"000 6"999 45-019 45"694 83-881 86"363 
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